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Degree choosable signed graphs 

Thomas Schweser* Michael Stiebitz t 


Abstract 

A signed graph is a graph in which each edge is labeled with +1 
or —1. A (proper) vertex coloring of a signed graph is a mapping 4> 
that assigns to each vertex v € V ( G ) a color (j>(v) € Z such that every 
edge vw of G satisfies 4>(v) / a(vw)(j>(w), where a(vw) is the sign 
of the edge vw. For an integer h > 0, let Z 2 h = (±1, ±2,..., ±h} 
and Z 2 h+i = Z 2 h U {0}. Following [9], the signed chromatic number 
(G) of G is the least integer k such that G admits a vertex coloring 
<f> with im(^) C Z/j. As proved in |9], every signed graph G satisfies 
X^iG) < A [G) + 1 and there are three types of signed connected 
simple graphs for which equality holds. We will extend this Brooks’ 
type result by considering graphs having multiple edges. We will also 
proof a list version of this result by characterizing degree choosable 
signed graphs. Furthermore, we will establish some basic facts about 
color critical signed graphs. 
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1 Introduction 

This paper deals with the vertex coloring problem for signed graphs intro¬ 
duced by Zaslavsky mmm in the 1980s. Recently Macajova, Raspaud 
and Skoviera [9] proved an extension of Brooks’ theorem to signed simple 
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graphs. Our aim is to characterize signed graphs that are degree choosable 
and to establish some basic properties of critical signed graphs. 

Signed graphs 

Signed graphs were first defined and investigated by Harary [7J. Through¬ 
out this paper, the term graph refers to a finite graph which may have mul¬ 
tiple edges but no loops. A signed graph is a graph in which the edges are 
labeled by +1 or —1. So a singed graph is a triple G = ( V,E,a ), where 
V = V ( G ) is the vertex set of G, E = E ( G ) is the edge set of G , and a = og 
is the sign mapping of G, i.e. cr : V(G) —> {—1,1}. In order to make a clear 
distinction between a signed graph and its underlying graph, we shall use G 
to denote the underlying graph of a signed graph G. 

For a signed graph G we adopt the standard notations for graphs. For 
X,Y C V(G), let Eg(X,Y) be the set of all edges joining a vertex of X 
with a vertex of Y. Let Eq[X] = Eq(X, X) be the set of all edges with both 
ends in X , and let 8qX the set of all edges with exactly one end in A". If 
the meaning is clear we will frequently omit subscripts and brackets for the 
sake of readability. Thus, the degree of a vertex v in G is dc(v) = \dcv\, and 
the multiplicity of two distinct vertices v,w in G is Hg{v,w) = \E G (v,w)\. 
As usual, we denote by A(G), 6(G) and p(G) the maximum degree, the 
minimum degree and the maximum multiplicity of G, respectively. Thus, a 
simple signed graph is a signed graph G with p(G) < 1. 

Switching and balance 

An edge of a signed graph G is said to be positive or negative depending 
on whether its sign is +1 or -1. A positive signed graph is a signed graph 
consisting only of positive edges; and a negative signed graph is a signed 
graph consisting only of negative edges. A signed graph is positive if and 
only if a — 1, i.e., er(e) = 1 for all e G E(G). 

If X is a vertex set of a signed graph G, then a new signed graph G' can be 
obtained by reversing the sign of each edge belonging to the coboundary dcX. 
Then G/_ = G, cr'(e) = —cr(e) for e G DqX and cr(e) = a'(e) otherwise. We 
then say that G' is obtained from G by switching at X and write G' = GjX. 
Let X and Y be subsets of V(G). Furthermore, let X = V(G) \ X and 
X + Y = (X U Y) \ (X n Y). Then G/X = G/X, G/0 = G and G/X/Y = 
G/(X + Y). Two signed graphs G and G' are switching equivalent , written 
G = G', if there is a vertex set A" C I /(G) such that G' = G/X. This 
obviously defines an equivalence relation for the class of signed graphs. 
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If G is a signed graph and H is a signed subgraph of G, that is, H_ is a 
subgraph of G and an = ctg\e(h ), then 

cr G (e) 

e£E(H) 

is called the sign product of H. A signed graph G is called balanced if the 
sign product of each cycle of G is positive, otherwise it is called unbalanced. 
Clearly, if a signed graph G is balanced, then any signed graph switching 
equivalent to G is balanced, too. The following characterization of balanced 
graphs was obtained by Harary [7], 

Theorem 1.1 For a signed graph the following statements are equivalent: 

(a) G is balanced. 

(b) The vertex set of G is the disjoint union of two sets X and Y such that 
an edge of G is negative if and only if this edge belongs to Eq(X, Y). 

(c) G is switching equivalent to a positive signed graph. 

If a signed graph G satisfies statement (b) of the above theorem, we say 
that G is a balanced graph with parts X and Y. 

A signed graph G is antibalanced if the sign product of every even cycle 
of G is positive and the sign product of every odd cycle of G is negative. The 
negation of a signed graph G is the signed graph obtained from G by reversing 
the sign of all edges of G. Obviously, a signed graph is antibalanced if and 
only if its negation is balanced. So Harrary’s characterization of balanced 
graphs implies the following result. 

Theorem 1.2 For a signed graph the following statements are equivalent: 

(a) G is antibalanced. 

(b) The vertex set of G is the disjoint union of two sets X and Y such that 
an edge of G is positive if and only if this edge belongs to E G (X, Y). 

(c) G is switching equivalent to a negative signed graph. 
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Signed chromatic number 

Let G be a signed graph. A coloring of G is a mapping <f : V ( G ) —y Z such 
that every edge e G Eq{v,w) satisfies <f(y) ^ a(e)(f>(w). It is notable that if 
two vertices v and w of G are joined by a pair of differently signed parallel 
edges, then \4>{v)\ \(p(w)\. The above definition is due to Zalavsky [IT] and 

was mainly motivated by the following two simple observations. A coloring 
of a positive signed graph is an ordinary vertex coloring of its underlying 
graph. Furthermore, if 0 is a coloring of a signed graph G and G' = G/X for 
a vertex set X of G, then the mapping ft, satisfying ft(v) = —(j>(v) if v G X 
and ft(v) = 4>{y) otherwise, is a coloring of G'. We denote the coloring ft by 

MX. 

A subset C of Z is also called a color set. Then — C = {— c | c G C} 
and the color set C is called symmetric if C — —C. For an integer h > 0, 
let Z 2 h = {±1, ±2, ..., ±h} and Z 2 h +i = Z 2 h U {0}. The signed chromatic 
number x ± (G) of G is the least integer k such that G admits a coloring f 
with im(0) C Z k . 

The above definition of the signed chromatic number is due to Macajova, 
Raspaud and Skoviera fdj. They also established some basic facts about the 
signed chromatic number. By the two observations about colorings of signed 
graphs it follows that switching equivalent signed graphs have the same signed 
chromatic number and the signed chromatic number of a balanced signed 
graph coincides with the chromatic number x °f its underlying graph. As 
proved in [9], if G is a signed graph, then 

X ± (G) < 2 x(G) - 1 (1.1) 

and there are signed simple graphs for which equality hold. We want to 
introduce a class of signed graphs for which equality holds in (11.11) . If H is 
a simple graph, then we denote by G = 2 H the signed graph obtained from 
H by replacing every edge of H by a pair of differently signed parallel edges. 
Then we have the following result. 

Theorem 1.3 If G = 2 H for a simple graph H, then x ± (G) = 2 x(H) — 1. 

Proof. Let k = x(H) anc i h = X ± (G). Then there is an ordinary ver¬ 
tex coloring f of H using colors 0,1,... ,k — 1. Obviously, f is a coloring 
of the signed graph G with im(0) C Z 2k _\. Hence x ± (G) < 2 x(H) — 1. 
Since h = x ± (G), there exists a coloring <f of G with im(0) C Z h . If 
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X = {« 6 U(G) I f{ v ) < 0}; then G/X = G and so ft = <f>/X is a coloring of 
G with im(<//) C Zf l and f{v) > 0 for all v G V(G). Then <f> is an ordinary 
vertex coloring of G and we obtain that k < i.e., x ± (G) > 2 x(G) — 1. □ 

As an immediate consequence of Theorem 11.21 we obtain the following 
characterization of signed graphs with A 2. 

Theorem 1.4 A signed graph G satisfies x ± (G) <2 if and only if G is 
antibalanced. 

The coloring number col(G) of a (signed) graph G is the maximum min¬ 
imum degree of the subgraphs of G plus 1. A graph with coloring number 
at most k + 1 is also called k-degenerate. It is well known and easy to prove 
that a graph is X-degenerate if and only if there is an ordering Vi, v 2 , ■ ■., v n 
of its vertices such that for every i G {1,2 ,,n} the vertex has degree 
at most k in the subgraph induced by the vertex set {vi,v 2 , ... ,Vi}. Using 
the classical sequential coloring procedure, it is easy to see that every signed 
graph G satisfies 

X ± (G) < col(G). 

That this bound holds was observed in [9]. As a consequence, every signed 
graph G satisfies x ± (G) < A(G) + 1. The following theorem due to Macajova, 
Raspaud and Skoviera [9] generalizes the famous theorem of Brooks [2j. 

Theorem 1.5 Let G be a signed graph, whose underlying graph is simple 
and connected. If G is not a balanced complete graph, a balanced odd cycle, 
or a unbalanced even cycle, then x ± (G) < A(G). 

The aim of this paper is to extend this theorem to arbitrary signed graphs 
and to prove a list version as well as a degree version of this fundamental 
result. To accomplish this, we have to take into account two more types of 
forbidden signed graphs. 

A signed graph G is called a brick if G is a balanced complete graph, a 
balanced odd cycle, an unbalanced even cycle, a 2K n for an integer n > 2, 
or a 2 C n for an odd integer n > 3. 

Signed list chromatic number 

Let G be a signed graph, let f : V (G) —» N 0 be a function, and let k > 0 
be an integer. A list-assignment L of G is a mapping that assigns to every 
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vertex v of G a set (list) L{v) of colors, i.e., L(v) C Z. We say that L is an 
/-assignment if |L(u)| = f(v) for all v G V, and a k-assignment if \L(v)\ = k 
for all v G V, respectively. An L-coloring of G is a coloring <f of G such that 
<f>(v) G L(v) for all v G V. If G admits an L-coloring, then G is said to be 
L-colorable or list-colorable if it is clear to which list-assignment we refer. A 
signed graph G is defined to be f-list-colorable if G is L-colorable for every 
/-assignment L of G. When f(v) = k for all v G V, the corresponding term 
becomes k-list-colorable or k-choosable. The signed list-chromatic number or 
signed choice number of G, denoted by xf(G), is the least number k > 0 for 
which G is fc-list-colorable. 

ft is notable that the signed list-chromatic number of a positive signed 
graph coincides with the list-chromatic number of its underlying graph. Fur¬ 
thermore, it is easy to show that switching equivalent signed graphs have the 
same list-chromatic number. 

A coloring of a signed graph with color set Zk may be regarded as a list¬ 
coloring for the constant list assignment L with L(y) = for all v G V(G). 
Thus every signed graph G satisfies x ± (G) < xf(G). It follows from results 
by Erdos, Rubin and Taylor [3] that there are positive signed bipartite graphs 
whose signed list-chromatic number is arbitrarily large. Based on the usual 
sequential coloring argument, it is easy to show that the following result 
holds. 

Proposition 1.6 Every signed graph G is f -list-colorable, where f(v) = 
dc( v ) + 1 f or v ^ V/G). Furthermore, every signed graph G satisfies 

X ± (G) < xt(G) < col(G) < A(G) + 1. 

A signed graph is called degree choosable if G is /-list-colorable for the 
degree function / = do, that is, f(v) = da{v ) for all v G V(G). The 
next theorem, which characterizes degree choosable signed graphs, is one of 
the main results of this paper. The theorem is an extension of a similar 
characterization of degree choosable unsigned graphs due to Erdos, Rubin 
and Taylor [3] . 

Theorem 1.7 Let G be a connected signed graph. Then G is not degree 
choosable if and only if each block of G is a brick. 

Let G be a (signed) graph. Recall that a block of G is a maximal connected 
subgraph of G that has no separating vertex. We denote by B(G) the set of 


6 


all blocks of G. If G is a connected graph with no separating vertex, then 
13(G) = {G}. If G is the union of two (signed) graphs G\ and G 2 having only- 
one vertex in common, then B(G) = B(G\) U #(G 2 ), provided that \Gi\ > 2 
for % — 1, 2. Any two distinct blocks of G have at most one vertex in common; 
and a vertex of G is a separating vertex of G if and only if it belongs to more 
than one block of G. A block of G which contains at most one separating 
vertex of G is called an end-block of G. It is well known that if G contains a 
separating vertex, then G has at least two end-blocks. 


2 Characterizing uncolorable pairs 


In this section, we shall prove Theorem 11.71 For this reason, we shall char¬ 
acterize the structure of so-called uncolorable pairs. 

We call (G, L ) an uncolorable pair if G is a signed connected graph, L 
is a list-assignment of G satisfying \L(v)\ > dc(v ) for all v G I^(G), and G 
is not L-colorable. To characterize such uncolorable pairs, we shall use the 
following reduction. Let (G, L) be an uncolorable pair. For a vertex v of G, 
we denote by Nq(v) the set of all vertices w of G such that Eg(v, w ) contains 
a positive edge. Similarly, we denote by Nq(v) the set of all vertices w of 
G such that E G (v,w ) contains a negative edge. Now, suppose that |G| > 2. 
Let v be a non-separating vertex of G and let c G L(v) be a color. For the 
signed graph G' = G — v let L' be the list-assignment with 


L'(u) 


L(v) \ {c, -c} 
L(v) \ {c} 

m \ {-c} 

L(v) 


if u G Nq(v) fl Nq(v), 
if u G N£ (v) \ Nq(v) 
if u€N£(v)\N£(v) 
otherwise. 


Then it is easy to check that \L'(u)\ > d G '(u) for all u G V(G') and G' is 
not L'-colorable. So (G', L') is an uncolorable pair and we write (G', L') = 
(G, L)/(v, c). 


Theorem 2.1 Let (G,L) be an uncolorable pair. Then the following state¬ 
ments hold: 


(a) \L(v)\ = dc(v ) for ally G 1^(G). 

(b) Any two vertices are joined by exactly one edge or by a pair of differently 
signed parallel edges. 
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(c) If G is a block, then every edge e G E G (v,w ) satisfies L{y) = a{e)L{w). 

Furthermore, the following statements holds: 

(cl) If o = t, then there exists a color set C such that L{y) = C for 
all v G V(G). 

(c2) If a 1, then there exists a symmetric color set C such that 
L(v) = C for all v G V(G), or G is balanced with parts X , Y and 
there exists a color set C such that L{y) = C for all v G X and 
L{y) = — C for all v G Y. 

As a consequence, G is regular. 

(d) If G is a block with n{G) > 2, then G is r-regular for an even number 

r > 2. 

(e) Every block of G is a brick. 

Proof. The proof is by induction on the order |G| of G. It is obvious that 
the statements are true if |G| = 1, so we can assume that \G\ > 2. 

In order to prove (a), we choose an arbitrary vertex v G V{G). The 
signed graph G is connected and contains at least two vertices, so G contains 
a non-separating vertex w fiz v and L{w ) 0. For any color c G L{w) we 

obtain an uncolorable pair ( G',L') = ( G,L)/(w,c ) by using the previously 
mentioned reduction. The induction hypothesis then implies \L\v)\ = dc'iy ) 
and, therefore, |L(u)| = d G (v). 

Suppose, contrary to our claim, that statement (b) is false. By reason 
of symmetry, we may assume that there are vertices v,w G V ( G ) which 
are joined by at least two positive edges. Deleting one of the two edges, 
results in a signed graph G' such that ( G' , L ) is an uncolorable pair with 
\L(v)\ > d G '(v), giving a contradiction to (a). 

For the proof of (c), assume that G is a block. First, let e G E G (v,w ) be 
an arbitrary edge of G. To see that L{v) = cr(e)L(w), suppose this is false. 
By symmetry, we may assume that there is a color c G L{y) \ {a{e)L{w)). 
Nevertheless, for the uncolorable pair ( G’, L ') = ( G,L)/(v,c ) we obtain that 
dcfiui) < \L'(w)\ which yields a contradiction to (a). 

Next, assume that a — 1, that is, G is a positive signed graph. Then for 
every edge e G E G (v,w ) we obtain that L(v) = L(w). Since G is connected, 
this implies that there exists a color set C such that L(v) = C for all v G 
V(G). Thus, (cl) holds. 



Now, assume that d/ 1. We distinguish two cases. First, suppose that 
there exists a color set C such that L{y) = C for all v G V{G). By assump¬ 
tion, there is a negative edge e in G, say e G E G {v,w). Then L{y) = — L(w ) 
implying that the color set C is symmetric. Second, suppose that L is not a 
constant list-assignment. Since G is connected and L{v) = EL{w) depending 
on whether E G {v,w ) contains a positive or negative edge, we conclude that 
there is a color set C such that L{y) = EC for all v G V(G). The color 
set C is not symmetric, because L is not the constant list-assignment. Let 
X = {v G V{G) | L(v) = C} and Y = {v G V(G) \ L(v) = - C }. Since G 
contains a negative edge and the color set C is not symmetric, the sets X 
and Y are non-empty and form a partition of V(G). Due to the fact that 
any edge e G E G {v,w ) satisfies L(v) = a(e)L(w), we conclude that an edge 
e of G is negative if and only if e belongs to E G (X, Y). So G is a balanced 
graph with parts X and Y. This proves (c2). 

As a consequence, we obtain that |L(u)| is the same for all vertices v of 
G. By (a), this implies that G is regular. Thus, the proof of statement (c) is 
complete. 

For the proof of (d) assume that G is a block and fJ,(G) >2. By (c) it 
follows that G is r-regular for an integer r > 0. Suppose, to the contrary, 
that r is odd. Since n{G) > 2, it follows from (b) that G contains a pair of 
differently signed parallel edges. Consequently, c / 1 and G is unbalanced. 
Hence, (c2) implies that there exists a symmetric color set C such that L(v) = 
C for all v G V(G). By (a), \C\ — r and, since C is symmetric and r is odd, 
0 G C. Now let e,e' G E G (v,w) be two differently signed parallel edges. 
Then ( G’,L') = (G, L)/(v,0) is an uncolorable pair with \L'(w)\ > d G >(w), 
giving a contradiction to (a). This proves (d). 

It remains to prove statement (e). In order to analyze the block structure 
of the uncolorable pair ( G,L ) with |G| > 2, we distinguish two cases. 

Case 1: G contains a separating vertex v. Then G contains at least two 
end-blocks, say B\ and B 2 . Each end-block Bi contains a non-separating 
vertex v t of G. Obviously, there is a color c* G L(vi) and the induction 
hypothesis applied to the uncolorable pair = (G , L) / (vi, q) yields 

that every block of Gi is a brick. Since every block B ^ Bi of G is also a 
block of G — Vi, we conclude that every block of G is a brick. 

Case 2: G contains no separating vertex. Then G is a block and, by (c), 
G is r-regular for an integer r > 1. Furthermore, it follows from (a) and (c) 
that there exists a color set C of cardinality r such that L(y) = EC for all 
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v G V(G) (including the case that L{y) = C for all v G V(G)). 

Let v be an arbitrary vertex of G and choose a color c G L{y). By applying 
the induction hypothesis on ( G',L') = (G, L)/(v,c), we conclude that every 
block of G' is a brick. This leads to the following two subcases. 

Case 2.1: G — v contains no separating vertex. Then G' = G — v is a 
block and, by (b) and (c), G' is regular of degree r — 2 or r — 1. 

First, assume that G' is (r — 2)-regular. Since G is r-regular, this implies 
that in G every vertex of G' is joined to v by two parallel edges. Thus, 

r = 2-\V(G)\-2, 

which is equivalent to 

r — 2 = 2- (|H(G)| - 1) - 2 = 2 • |F'(G)| - 2. 

According to (b), this is solely possible if G — 2 K n and G' = 2K n _ 1 . 

Now, assume that G' is (r — l)-regular. Then it follows from (d) that G 
is simple (either r is odd and both G and G' are simple or r — 1 is odd). 
Hence, G as well as G r are complete graphs. It remains to verify that G is 
balanced. This is evident if G is positive or |G| = 2. So we may suppose 
that ff / 1 and |G| > 3. By (c2), it suffices to consider the case that there 
exists a symmetric color set C such that L(v) = C for all v G V(G). As 
G is complete, it follows from (a) that \C\ — |G| — 1 > 2. Consequently, C 
contains a positive color c. Since c / 1, there is a negative edge e in G, 
say e G E G (v,w). Consequently, ( G',L ') = (G,L)/(v,c) is an uncolorable 
pair, where G' is a complete graph and L(w) — C \ {—c}. Since the color 
set C' — C \ {—c} is not symmetric, we conclude from statement (c) applied 
to (G', L') that G' is a balanced graph with parts X, Y such that L(u) = C 
for all u G X and L(u) = —C for all u G Y. By the construction of L', it 
follows that every edge of Eq(v\ X) is negative and every edge of E G (v,Y ) 
is positive. Hence, G is a balanced graph with parts X, Y U {u}. 

Case 2.2: G — v contains a separating vertex. Consequently, G’ contains 
at least two end-blocks and every end-block is regular of degree r — 1 or r — 2. 

First, assume that G' contains two end-blocks, say B\ and i? 2 , which are 
both (r — l)-regular. Then we can easily conclude from (d) that B\ and B 2 
are simple (either r is odd and hence G is simple, or r — 1 is odd and by 
repeated application of our reduction, we obtain an uncolorable pair ( B ,, Lj) 
implying that B{ is simple). Consequently, at least r — 1 vertices of Bi are 
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adjacent to v in G. This leads to 2(r — 1) < dciy) = r and, therefore, r = 2. 
This shows that G is a cycle. 

It remains to show that the cycle G is a brick, that is, G is a balanced 
odd cycle or an unbalanced even cycle. If a = 1, then it follows from (a) and 
(cl) that there is a set C of two colors such that L(v) = C for all v G V (G). 
Since the cycle G is not L-colorable, we conclude that G is an odd cycle and 
hence a brick. If a ^ 1, then it follows from (a) and (c2) that G is balanced 
with parts X, Y and there is a set C of two colors such that L(v) = C for 
all v G X and L(v) = — C for all v G Y, or there is a symmetric set C 
of two colors such that L{y) = C for all v G V{G). In the first case, let 
G' = G/Y and let L' be the list assignment with L'(v) = C for all v G V(G). 
Then the cycle G' is not L'-colorable, since otherwise an //-coloring 0' of G' 
would lead to an L-coloring 0 = <j>'/Y of G, a contradiction. In this case, 
we conclude that G is an odd balanced cycle and so G is a brick. In the 
second case, we distinguish two subcases. If the sign product of the cycle G 
is positive, then G is balanced and, as in the former case, we conclude that 
G is an odd balanced cycle and hence a brick. If the sign product of the 
cycle G is negative, then we conclude that |G| is even and, therefore, G is an 
unbalanced even cycle. Otherwise, G would be an odd cycle and so G would 
be an antibalanced odd cycle implying that y ± (G) < 2 (by Theoren il .21) . 
contradicting the fact that G is not L-colorable, where L{v) = {c, — c} for 
all v G V{G) and c G Z is a positive color. Consequently, in all cases, we 
conclude that G is a brick. 

Next, assume that G' contains two end-blocks, say B\ and B 2l such that 
B i is (r — l)-regular and B 2 is (r — 2)-regular. Then we conclude, similar as 
in the previous case, that B\ is simple and so at least r — 1 vertices of B\ 
are adjacent to v in G. Since at least one vertex of B 2 is joined to v by two 
parallel edges, we obtain da{v) > r + 1, which is impossible. 

Finally, assume that each end-block of G' = G — v is (r — 2)-regular. 
Let B be an arbitrary end-block of G' and let v' be the only separating ver¬ 
tex of G' contained in B. As B is (r — 2)-regular, it follows from (b) that 
\B\ > + 1. Furthermore, every vertex u of B — v' is in G joined to v by 

two parallel edges. Hence, if k is the number of end-blocks of G', we obtain 
that dc(v) > Zk 1 ^ = k(r — 2). Since r > 4 and dc(v) = r, this leads to 
k = 2 and r = 4. Since v was an arbitrarily chosen vertex of G, we easily 
conclude that each block of G' is a 2K 2 implying that G = 2 C n for an integer 
n > 3. Then G is unbalanced and it follows from (a) and (c2) that there is 
a symmetric color set C such that \C\ = 4 and L(v) = C for all v G V(G). 
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As (G, L) is an uncolorable pair, we easily conclude that n is odd. Thus, the 
proof of the theorem is complete. □ 


The above theorem provides a characterization of signed graphs which 
may occur in uncolorable pairs. Our next aim is to characterize the lists 
assignments which may occur in uncolorable pairs. The next lemma describes 
the lists in uncolorable pairs where the signed graph is a brick. The proof of 
this result is left to the reader, one may use the proof of the above theorem. 


Lemma 2.2 Let B be a brick and let L be a list-assignment for B. Then 
the following statements hold: 

(a) If B is a balanced complete graph or a balanced odd cycle with parts 
X , Y, then ( B , L) is an uncolorable pair if and only if there is a color 
set C such that \C\ = A (B), L{y) = C for all v G X, and L{v) = — G 
for all v G Y . 

(b) If B is an unbalanced even cycle, a 2 K n with n >2 , or a 2 C n with 
n > 3 odd, then ( B , L) is an uncolorable pair if and only if there exists 
a symmetric color set C such that \C\ = A (B) and L{y) = C for all 
v G V(B). 

The following lemma states that we can create a new uncolorable pair 
from two given uncolorable pairs by merging two of their vertices if we do it 
properly. 


Lemma 2.3 Let (Gi,Li) and (G 2 , L 2 ) be two uncolorable pairs. Suppose 
that G 1 and G 2 have only vertex v in common, G = G\ U G 2 , and that L is 
the list-assignment of G satisfying 


f Li(u) if u G V{Gf) \ {v} with i = 1, 2, 

[ Li{y) U L 2 (v) if u = v. 


for all u G V{G). If Li(v) D L 2 {v) = 0, then ( G,L ) is an uncolorable pair. 


Proof. Clearly, G is connected and \L(w)\ > da(w) for all w G V(G). ft 
remains to show that G is not L-colorable. Suppose this is false and there 
is an L-coloring <f> of G. Then (f>(v) G L.fv) for some i G {1,2}. But then 
the restriction <f>i of <f to would be an L.,-coloring of Gj, a contradiction. 
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Consequently, G is not L-colorable and so (G, L) is an uncolorable pair. □ 

It seems obvious that this method not only applies to one direction. In¬ 
deed, it is true that we can create new list-assignments L,; from a preex¬ 
isting list-assignment L of an uncolorable pair (G, L) such that each block 
Bi G B(G) along with L* forms a new uncolorable pair. This circumstances 
are proven in the next lemma. For a signed graph G and a vertex v of G, let 
B V (G) = {B e 13(G) I V e V(B)}. 

Lemma 2.4 Let (G,L) be an uncolorable pair. Then for each block B G 
13(G) there is a list-assignment Lb such that (B,Lb) is an uncolorable pair 
and L(v) = (Xb&b v {g) Lb(v) for all v G V(G). 

Proof. The proof is by induction on the number of blocks of G. If G has 
only one block, there is nothing to prove. So assume that G has at least 
two blocks. Then G has an end-block G\ and there is exactly one separating 
vertex v of G contained in G\. By defining G 2 = G — (V(Gi) \ {v}), we 
obtain that G = G 1 L) G 2 , G 1 n G 2 = ({u}, 0) and B(G 2 ) = B(G) \ {Gi}. 
For i — 1,2, let C % be the set of all colors c G L(v) for which there exists no 
L-coloring 0j of Gi with f>i(v) = c. If there were a color c G L(v) \ (C\ U C 2 ) 
this would clearly lead to an L-coloring 0* of Gi with <f>i(v) — c for i — 1,2 
and so 0 = 0i U 02 would be a proper L-coloring of G , giving a contradiction. 
Hence, L(v) = C\ U C 2 holds. For the signed subgraph Gi of G with i = 1,2, 
we define L, : by 


Li(u) 


L(u) if u G V(Gf) \ {u}, 
Cj if u — v. 


Due to the choice of Gj, the graph Gi is not Lj-colorable. Since (G, L) is an 
uncolorable pair, |Lj(u)| = \L(u)\ > dc(u) = da Xu) for all u G V(Gf) \ {u}. 
The signed graph Gi is not Lj-colorable, thus, Theorem 12.11 yields \Cf\ = 
\Li(v)\ < dc. l (v). Because L(v) is the union of C\ and G 2 , we can additionally 
conclude that |Gi| + |G 2 | > |G 1 UG 2 | = |L(u)| > dc(v) = do 1 ( v ) + dc 2 (v), and 
hence |Lj(u)| = \Cf\ = daXv). This implies that (Gj,Lj) is an uncolorable 
pair for i — 1,2. By the induction hypothesis, for each block B G B(G 2 ) 
there is a list-assignment Lb of B such that (B,Lb) is an uncolorable pair 
and L 2 (u) = UBeB u (Gi) ^b(u) for all u G V(G 2 ). Since B(G) = B(G 2 )VJ{Gi} 
and (Gi, Lf) is an uncolorable pair with Li(v) DL 2 (v) = 0, the desired result 
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for the blocks of G follows. 


□ 


Combining the results of this section, we obtain Theorem 11.71 saving that 
a signed graph G is not degree choosable if and only if each block of G is a 
brick. 

Proof of Theorem \ 1.7\ : Let G be a connected signed graph. First sup¬ 
pose that every block of G is a brick. Then it follows by induction on the 
number of blocks of G, using Lemma 12.21 and Lemma 12.41 that there is a 
list-assignment L of G such that (G, L) is an uncolorable pair and so G is 
not degree choosable. Now suppose that G is not degree choosable. Then 
there is a list-assignment L of G such that \L{v)\ = da(v) for all v G V{G) 
and G is not L-colorable. Then (G, L ) is an uncolorable pair and it follows 
from Theorem 12.11 that every block of G is a brick. □ 

Corollary 2.5 Let G be a signed connected graph. If G is not a brick, then 

xt(G)<A(G). 

Proof. Suppose this is false. Then there is a A(G')-assignment L of G such 
that G is not L-colorable. Consequently, (G, L) is an uncolorable pair. From 
Theorem 12.11 it follows that G is regular of degree A (G) and each block of 
G is a brick. Since every brick is regular, we then conclude that G has only 
one block implying that G is a brick. □ 


3 List critical signed graphs 

Let G be a signed graph and let L be a list assignment of G. If G is L- 
colorable, then every signed subgraph of G is L-colorable, too. The signed 
graph G is said to be L-critical if G is not L-colorable, but every signed proper 
subgraph of G is L-colorable. Furthermore, we say that G is /e-list-critical if 
there is a (k — l)-list-assignment L for which G is L-critical. 

Let k > 1 be an integer. A signed graph G is called k-critical if x ± (G) = k 
and every signed proper subgraph G' of G satisfies x ± (G / ) < k — 1 . Clearly, 
every fc-critical signed graph G is L-critical with respect to the constant list- 
assignment L satisfying L(v) = Z k _ x for all v G V(G). So every fc-critical 
signed graph is fc-list-critical. If G is a brick, then G is regular, say of degree 
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r, and it follows from Theorem 12.II that G is (r + l)-critical. A signed graph 
G is called k-choice-critical if xf(G) = k and every signed proper subgraph 
G' of G satisfies xf(G r ) < k — 1. Clearly, every fc-choice-critical signed graph 
is fc-list-critical. The balanced complete graph of order k is an example of a 
fc-critical signed graph and for k = 1 and k — 2 there are no other fc-critical 
signed graphs. Clearly, every signed graph with x ± — k contains a h-critical 
signed subgraph. As a consequence of Theorem 11.21 we obtain the following 
result. 

Lemma 3.1 A signed graph G is 3-critical if and only if G is a balanced odd 
cycle or an unbalanced even cycle. 

Proof. If G is a balanced odd cycle or an unbalanced even cycle, then Theo¬ 
rem 12.11 implies that G is 3-critical. Now assume that G is a 3-critical signed 
graph. If G contains no balanced odd cycle and no unbalanced even cycle, 
then G is antibalanced and, by Theorem 11.21 x ± (G) < 2, a contradiction. So 
G contains a signed subgraph H which is a balanced odd cycle or an unbal¬ 
anced even cycle. Then x ± (H) = 3 and, since G is 3-critical, we conclude 
that G=H. □ 

Before we establish some basic facts about list-critical signed graphs, we 
need some further notations. For a set X C V (G), let G[X\ denote the signed 
subgraph of G induced by X so that V{G[X]) = X and E(G[X]) = E G [X). 
Furthermore, for a vertex v E v(G) let d G (v : X) — \E G (v, X)\. 

Lemma 3.2 Let G be an L-critical signed graph for an list-assignment L of 
G. Furthermore, let H = {v E V(G) \ d G (y) > \L(v)\}, let F = V(G) \ H, 
and let 0 ^ X C F. Then the following statements hold: 

(a) d G (v) = \L(v)\ for all v E X. 

(b) Every block of G [X ] is a brick. 

(c) If L is a (k — 1)-list-assignment with k > 1, then H ^ 0 or G is 
a brick. Furthermore, if G\X\ contains a A% then G is a balanced 
complete graph of order k. 

Proof. For the proof it suffices to consider the case when G[X\ is connected. 
Clearly, Y = V(G) \ X is a proper subset of V(G). Since G is L-critical, 
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this implies that there is an L-coloring 0 of G[Y], For the remaining signed 
graph G' = G\X\, let L' be the list-assignment defined by 

L\v) = L{v) \ ({000 | u G Y n N+(v)} U {-000 \ueYn 1V000}) 

for all v G V{G'). Since G is not L-colorable, it follows that G' is not L'~ 
colorablc. Since X C F, we conclude that every vertex v G A" satisfies 

\L(v)\ > d G (y) = d G '(v) + d G (v : Y) 

and, therefore, 

\L'{v)\ > \L{v) \ - d G (v : Y) > d G >(v). 

Consequently, (G', L ') is an uncolorable pair and it follows from Theorem 12. II 
that every block of G’ is a brick and \L'(v)\ = d G '(y) for all v G A", which 
implies that 

\L(v)\ = d G '(v) + d G (v : Y) = d G {v) 

for all v G X. This proves (a) and (b). For the proof of (c) assume that 
|L(v)| = k — 1 for all v G V (G). If H ^ 0, then there is nothing to prove. So 
assume that H = 0. Then G = G[F] and, since G is L-critical, we conclude 
that G is connected. From (a) and (b) it follows that every block of G is 
a brick and G is regular of degree k — 1. Since each brick is regular, this 
implies that G consists only of one block and, therefore, G is a brick. If 
G[X] contains a complete graph of order k, then d G (y) = k — 1 for every 
vertex v belonging to this complete graph. This obviously implies that this 
Kk is a component of G. Since the L-critical graph G is connected, this im¬ 
plies that G is a complete graph of order k and (G, L) is an uncolorable pair. 
By Theorem l2.ll it follows that G is a balanced complete graph of order k. □ 

Let G be a fc-list-critical signed graph. Then Lemma 13.21 implies that 
5(G) > k — 1 and so |LT(<L?)| > \(k — 1)|V(G)|, where equality holds if and 
only if G is a brick. Furthermore, it follows from Lemma [71721 that if G' is the 
signed subgraph of a fc-list-critical signed graph G induced by the vertices 
having degree k — 1 in G, then G' = 0 or every block of G is a brick. This 
leads to an improvement of the trivial lower bound for the number of edges in 
a /c-list-critical graph with k > 4. Theorem 13.41 provides such an improvement 
for the class of simple signed graphs; this theorem is a counterpart to a result 
about the number of edges in color critical graphs obtained by Gallai [3], 
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For an integer k > 4, let % denote the class of signed connected graphs T 
such that < 1, A(T) < k — 1, every block of T is a brick, and T is not 
a balanced complete graph of order k. The following result is an extension 
of a similar result due to Gallai [3], 

Lemma 3.3 Let k > 4 be an integer. Then every signed graph T G Tk 
satisfies 

(k-2+fi- [ )\V(T)\-2\E(T)\>2 
Proof. Throughout the proof let 

2 

r = k - 2 + --- 

k — 1 


and, for T G Tk, let 

m (T) — r\V (T)| — 2\E(T)\ — £ (r -d T (v)). 

vev(T) 


Our aim is to show that if T G % , then m{T) > 2. The proof is by induction 
on the number of blocks of T. If T consists of one block B, then B is a 
balanced complete graph of order h with 1 < h < k — 1 , or i? is a balanced 
odd cycle of order at least five, or B is an unbalanced even cycle of order at 
least four. If B is a balanced complete graph of order b with 1 < b < k — 1, 
then we conclude that 


m(B) = b(r — b + 1) 


> r if 1 < b < k — 2, 
= 2 if b — k — 1. 


Otherwise, B_ is a cycle of order at least four, and we conclude that m(B) > 
(r — 2)4 > r > 2, since k > 4 and so r > 2. 

For the induction step suppose that T has at least two blocks. Let B 
denote the set of all end-blocks of T. First suppose that there is a block 
B G B such that B_ is distinct from K k _i. Let v denote the only separating 
vertex of T contained in B , and let T 1 = T — ( V(B ) \ {u}). Then T' G %■ 
and the induction hypothesis implies that m{T') > 2. Since T' and B have 
only vertex v in common, we obtain that m{T) = m(T') + m(B) — r. Clearly, 
B belongs to Tk and B_ K k -i implying that m(B) > r. Summarizing, this 
yields m(T) > 2. 


17 




Now suppose that every block B E B satisfies B_ = K k -\. Let B be an ar¬ 
bitrary end-block of T, and let v be the only separating vertex of T contained 
in B. Since A (T) < k — 1 and T has at least two end-blocks, we conclude that 
v is contained in a block B' such that Bf_ = K -2 and T' = T — V(B) belongs 
to 7fc. Then m(T) = m(T') + m(B) — 2 and, by the induction hypothesis, 
m(T') > 2. Since B_ = K^_ i, we obtain that m(B) = 2. Summarizing, this 
yields m{T) >2. □ 


Theorem 3.4 Let k > 4 be an integer. If G is a k-list-critical signed graph 
such that n(G) < 1 and G is not a balanced complete graph of order k, then 

2|£(G)|>(fc — 1 + A2L)|y(G)|. 

Proof. Let V = V(G), and for a subset X of V let e(X) = |£'g(X)|. Our 
aim is to show that 

2e(V) > (k - 1 + 

Let H = {v E V{G) | dciy) > k} and F = {v E V(G) \ da(v) = k — 1}. If 
F = 0, then 2e(V) = k\V\ and we are done. So assume that F^0. Then 
it follows from Lemma [3.21 that V(G) — H U F and every block of G[F] is a 
brick. Furthermore, since G is not a balanced complete graph of order k, we 
conclude from Lemma I3.2l fc) that G[F\ contains no Kk as a subgraph. Since 
A(G[F]) < k — 1 and p(G) < 1, this implies that each component of G[F\ 
belongs to Tk- From Lemma [3.31 it then follows that 

(■ k^2 + -X- i )\F\-2e(F)>2. 

On the one hand, this implies that 

2e(V) = 2e(H) + 2{k — 1)|F| — 2e(F) 

> W - 1)\F\ - 2e(F) > (k - ffj)\F\. 

On the other hand, we obtain that 

2e(V) = (k-l)\V\ + \H\+J2( d G{v)~k) 

vGH 

> (k - 1)\V\ + \H\ = k\V\ - \F\. 
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Multiplying the second inequality with k--^ and adding the first inequality, 
yields 

2e(V)(l + k - ^-j) > k(k - ~^)\V\ 

which is equivalent to 

^ (^) > (MTMAhM),,, 

and, hence, to 

2e(V)>(*-l + ^|)|V|. 

This completes the proof. □ 


4 Concluding remarks 

Our results show that coloring of signed graphs behave in a very much similar 
way as ordinary vertex colorings of graphs. A result concerning the chromatic 
number whose proof mainly relies on the sequential coloring argument can 
quite often be transformed into a similar result about the signed chromatic 
number or the signed choice number of simple signed graphs. Typical exam¬ 
ples of this fact are the characterization of degree choosablc signed graphs 
and the characterization of uncolorable pairs. The proof of Theorem 12.11 re¬ 
sembles the proof of a similar result from [SJ. Also Thomassen [10] famous 
proof that every planar graph is 5-choosable can be applied to signed simple 
planar graphs as shown by Jing, Kang and Steffen [5j. That every signed 
simple planar graph G satisfies x ± (G) < 5 was observed by Macajova, Ras- 
paud and Skoviera [9]. They also conjectured that we have in fact y ± (G) < 4 
for every signed simple planar graph. 

ft follows from Proposition 11.61 that the signed choice number of ev¬ 
ery signed simple graph whose underlying graph can be embedded on a 
surface of Euler genus e > 1 is at most the Heawood number H(e) = 
[(7 + \/2Ae + 1)/2J. As proved by Bohme, Stiebitz and Mohar [T], if G 
is a graph embedded on a surface of Euler genus £ with s > 1 and £ ^ 3, 
then the choice number of G is at most H (e) and equality holds if and only 
if G contains a complete subgraph of order H(e). That the result also holds 
for £ = 3 was proved by Krai’ and Skrekovski [6j. It seems very likely that 
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a similar map color theorem holds for the signed choice number, that is, if 
G is a signed simple graph embedded on a surface of Euler genus e, where 
e = 2 or e > 4, then (G) < //"(e) and equality holds if and only if G 
contains a balanced complete subgraph of order H[e). If this is not true one 
may consider a minimal counterexample, that is, a signed simple graph G 
embedded on a surface of Euler genus £ such that xf(G) — k with k = H{£) 
and G does not contain a balanced complete subgraph of order k. Then G 
is k- list-critical. If n — |C(G)| and m = \E(G)\, we obtain from Euler’s 
Formula that 2m < 6n — 12 + 6e and, by Theorem 13.41 we obtain that 

2 m > ^k — 1 + 

If n > k + 4 and £ = 2 or e > 4, this leads to a contradiction as in the proof 
of the corresponding map color theorem in [1] . The open question is whether 
we can handle the case k+l<n<k + 3 similar as in [I] or whether we can 
improve the bound in Theorem 13.41 to 2\E(G)\ > (k — 1)|C(G)| + k — 3. 

If G is an ordinary graph with chromatic number k, then in any optimal 
coloring of G all k colors are used. Furthermore, y(G) < k if and only 
if V{G) is the union k pairwise disjoint independent sets (possibly empty). 
From the proof of Theorem II.31 it follows that there are signed graphs G with 
X ± (G) = 2k — 1 such that only k + 1 colors are used in an optimal coloring 
of G. Clearly, if G is a signed graph, then x ± (G) < 2k if and only if G has a 
partition into k disjoint antibalanced signed subgraphs, and x ± (G) <2k + l 
if and only if G has a partition into k disjoint antibalanced signed graphs and 
one edgeless signed subgraph. So the colors different from zero form pairs 
and the color zero plays a particular role. 

An edge coloring of an ordinary graph can be viewed as a vertex coloring 
of its line graph. For a signed graph G, the signed line graph of G is the 
signed simple graph H = L{G) such that V(H) = E(G), E(H ) consists of 
all pairs ee' of distinct edges of G having a common end in G and cr^ee') = 
c r G(e)o‘G'(e / )- Clearly, if E + is the set of positive edges of G and E~ is the 
set of negative edges of G, then H = L{G) is a balanced signed graph with 
parts E + and E~. This implies that X ± (H) = x{S) an d H_ is the ordinary 
line graph of G_. If G is a simple signed graph, then it follows from Vizing’s 
theorem that A (G) < x ± (L(G )) < A (G) + 1. 


k- 3 \ 
k^3j U 
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